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Abstract
In the present article, the numerical prediction of the effective thermal conductivity (keff) of low-carbon refractory

materials at high temperatures is investigated. The employed numerical methodology consists of computational
geometry generation by a modified random sequential adsorption (RSA) algorithm and solution of a heat conduction
problem in the generated material sample by the finite volume method (FVM). The probability distributions, employed
for modelling the grain sizes, are reexamined. Several aspects are recognised as crucial for reasonable predictions of
keff in the considered range from the room to the coking temperature. First, an appropriate estimate of the equivalent
thermal conductivity krest of the unresolved fine-scaled material is required, which is obtained from the effective
medium theory (EMT). Furthermore, modelling the thermal expansion of the coarse and medium grains, leading to
the formation of air gaps between the grains and the continuous phase at lower temperature, is extremely important.
The presence of these air gaps could be implemented in FVM. The numerical predictions of keff show reasonably
good agreement with experimental data in the complete temperature range, only if this gap width is considered as
a function of the operating temperature, along with krest and the temperature-dependent thermal conductivities of
the constituents.
Keywords: Effective thermal conductivity, refractory materials, random sequential adsorption, finite volume method, thermal contact
resistance

I. Introduction
Carbon-bonded alumina refractories are widely em-

ployed in continuous steel casting processes 1 – 3 as func-
tional components, e.g. nozzles, submerged entry nozzles
and ladle shrouds 1, 2, 4. In order to reduce CO2 emissions
from the process as well as contamination of the steel melt
by carbon pickup 5 with regard to clean steel technolo-
gy 6, ongoing research aims to reduce the carbon content
in carbon-bonded alumina refractories as far as possible.
Nevertheless, refractories employed in steel plants have to
meet several crucial requirements, e.g. high corrosion and
erosion resistance, low wettability by steel melt and slag,
high mechanical strength, thermal shock and oxidation re-
sistance at elevated temperatures 1, 3. In particular, the ma-
terials’ thermophysicalpropertiesareof interest inorder to
ensure the required insulation capability and resistance to
thermomechanical failure.Behaviourof thematerialunder
thermal load can be characterised by the effective thermal
conductivity keff. Besides the experimental determination
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of keff of the prepared material samples, their numerical
prediction is also considered a valuable means that assists
the material development process. In this regard, the geo-
metrical modelling of refractory materials is essential for
a deeper understanding of the influence of material struc-
ture on keff, particularly because experimental techniques
(such as computed tomography scan images) for obtaining
thedetailedthree-dimensionalmorphologyof thematerial
are not well established.

The methodology of predicting keff of complex compos-
ite materials was presented earlier by Zehmisch et al. 7, 8,
which consists of two essential steps: the geometrical mod-
elling of the material’s structure and the subsequent nu-
merical solution of the heat conduction problem 9. There-
fore, a synthetic geometry is first created by employing
a stochastic geometry generation algorithm, while con-
sidering different material parameters known from the
experimental preparation of present carbon-bonded alu-
mina refractories. The mass fractions of the individual
constituents, according to the material’s composition, are
converted into the corresponding volume fractions using
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the densities of the raw materials and the measured val-
ue of overall porosity 8. The grain size distributions of the
constituents were measured by means of laser diffraction
analysis and are modelled using either the lognormal dis-
tribution or the Rosin-Rammler-Sperling-Bennett 10 – 12

(RRSB) distribution. In addition, the grain shapes of dif-
ferent components were observed from the scanning elec-
tron microscopy (SEM) images and are approximated by
basic polyhedral shapes during the geometry generation
process. The discrete phase distribution is created in the
computational domain, which is then subjected to a tem-
perature difference by keeping two walls facing each oth-
er at constant as well as uniform hot and cold tempera-
tures, while the remaining walls are considered to be adia-
batic. The heat conduction equation is solved in this do-
main by suitable numerical techniques, e.g. Finite Vol-
ume Method (FVM) 13, 14 or Thermal Lattice Boltzmann
Method (TLBM) 9. Based on the steady-state solution of
the heat conduction problem, keff is numerically evaluat-
ed according to the averaged Fourier’s law. This method-
ology for predicting keff of composite material is similar in
principle to the one applied for porous foams 15.

A sensitivity analysis of keff determined at room temper-
ature on several parameters of the model, e.g. direction of
theappliedtemperaturegradient, randomness inthegener-
ated geometry, shape of grains and equivalent thermal con-
ductivity of the unresolved material, was also performed in
the earlier work 8. However, recent experimental data re-
vealdistinctly lowerkeff of themodelledrefractorymateri-
al ascomparedtothosereportedearlier 7, 8.For this reason,
several aspects of the numerical methodology are revisited
in the present investigation, e.g. the approximation of con-
stituents’grainsizedistributionsandthemodelled thermal
conductivity of the unresolved fine-scaled material. In ad-
dition, the prediction of keff of the refractory material at
high temperatures was not covered in previous study 7, 8

and is hence one of the major objectives of the present in-
vestigation.Preliminarynumericalresultsshowedthat,us-
ing the described methodology 7, 8, the predicted keff at el-
evated temperatures up to 1200 °C significantly underesti-
mated the experimentally observed trend.

In the present article, the issues related to excessive re-
duction in the numerically determined keff of the consid-
ered refractory material at higher temperatures, as com-
pared to keff predicted at the room temperature, are in-
vestigated. For this purpose, not only the temperature-
dependent thermal conductivities of the components are
considered, but also the thermal expansion mismatch be-
tween coarse or medium grains with regard to the contin-
uous phase, when these are cooling down from the cok-
ing to the room temperature, are taken into account. By
the latter, gaps are introduced adjacent to the coarse and
medium grains constituting porosity 16, 17. As an addition-
al contribution to keff at higher temperatures, the effect
of thermal radiation 18 is also investigated. This effect is
considered since it is also found to be relevant for porous
foams 19, 20. In this regard, the contribution of radiative
heat transfer can be considered through the Rosseland ap-
proximation 18 if the optical thickness of the porous medi-
um is relatively high, which is the case for porous media
with relatively small pores like the one considered for the
present study.

The present article consists of five sections. This short in-
troduction is followed by the experimental investigation,
providing details on the production and the experimen-
tally determined properties of the considered refractory
material. The numerical methodology, dealing with both
stochastic geometry generation and solution of heat con-
duction problem in the modelled domain, is outlined in
section III, while section IV presents and discusses the re-
sults of predicted keff at higher temperatures. Finally, con-
clusions from the present study are drawn and an outlook
on the prospective work is presented in section V.

II. Experimental Investigation
Al2O3-C refractory materials, with reduced carbon con-

tent, were developed at the Institute of Ceramic, Glass
and Construction Materials of Technische Universität
Bergakademie Freiberg, Germany. A reference for the in-
vestigation of such materials is the refractory composition
with a primary carbon content of 20 wt% as shown in Ta-
ble 1, where the antioxidant fine metallic silicon powder in
the basic composition R20 1, 21 was replaced by the frac-
tion of fine tabular alumina. For coarse refractories, the
raw material grades are divided into coarse fractions with
grain sizes greater than 1 mm, medium grains from 0.1 mm
to 1 mm and fine grain fractions smaller than 0.1 mm 22, 23.
However, since the largest grain sizes in the considered
composition R20 are in the submillimetre range, the frac-
tions of tabular alumina (0.2 – 0.6 mm) and coarse graphite
represent the coarse grains, while the medium grains are
considered to be those of fused alumina (0 – 0.2 mm).

The motivation for employing a wide distribution of
grain sizes or a mixture of different grain sizes in the com-
position is to obtain improved particle packing and high-
er density of the composite that occur due to the enhanced
densification during production 24. In this manner, the fin-
er particles are allowed to fit into the interstices of the
coarser grains 25. In particular, the compaction of a com-
position during uniaxial pressing is facilitated for a wider
particle size distribution 24.

Tabular and fused alumina, liquid resin (novolac), coarse
and fine graphite were first mixed in an Eirich inten-
sive mixer at room temperature with a final addition of
the binder in powder form and the curing agent hexa-
methylenetetramine. The mixture was then uniaxially
pressed to the size of standard bricks at 100 MPa. Subse-
quently, the pressed samples were cured at 180 °C for two
hours. In the curing process, the resin is polymerised un-
der addition of the curing agent and a three-dimensional,
cross-linked, resite lattice is formed 26.

Finally, the samples were coked for five hours in a fur-
nace at 1000 °C under reducing conditions, i.e. embed-
ded in a retort filled with coke. The coking process com-
prises a pyrolysis, i.e. the resite lattice transforms into el-
ementary carbon, constituting an amorphous carbon lat-
tice. As several other complex reactions, e.g. condensa-
tion, dehydrogenation and isomerisation, take place along
with pyrolysis 26, the coking process is conceived as a car-
bonisation. The residual carbon content, i.e. the carbon
mass fraction remaining after carbonisation as compared
to the mass of phenolic resin binder (novolac) with hexa-
methylenetetramine 26, was reported to be in the range
from 45 – 50 % 26, 27 up to 60 % 28.
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The bulk density and the open porosity of the coked
samples were determined according to the standard
DIN EN 993 – 1 using the toluene displacement method.
The true density of the samples was measured using a pyc-
nometer in accordance with the standard DIN EN 993 – 2.
Subsequently, their overall porosity was determined using
the bulk and the true densities, cf. DIN EN 993 – 1. The
measurement of thermal conductivity of carbon-contain-
ing refractory materials by the hot-wire method at tem-
peratures up to 800 °C was presented earlier by Tomeczek
and Suwak 29.

In the present work, the thermal conductivity of the
coked samples of dimensions 223 mm × 122 mm × 68 mm
was measured in the range from room temperature up to
1000 °C using the parallel hot-wire technique according
to the standards ISO 8894 – 2 and DIN EN 993 – 15 as far
as practicable. As a deviation from the standards, the sam-
ples were embedded in coke inside a corundum box in
order to avoid oxidation of carbon from the samples at
elevated temperatures. Furthermore, K-type thermocou-
ples, instead of the standard R- or S-type thermocouples,
were employed as measuring and reference thermocou-

ples, since platinum reacts with carbon at higher tempera-
tures. For the same reason, the hot wire was protected by
a corundum capillary tube. In addition, the reference ther-
mocouple was placed beside the sample inside the corun-
dum box.

The microstructure of material samples was investigated
by scanning electron microscopy (SEM) using either the
secondary electron or the backscattered electron detector.
SEM micrographs of the material structure with two dif-
ferent magnifications are presented in Fig. 1. The alumina
grains can be easily recognised in the contrast images in
Figs. 1(c) and (d) by their brightness as compared to the
darker graphite and amorphous carbon fractions.

The volume fractions of different phases were then deter-
mined according to the procedure suggested earlier 8, tak-
ing different aspects into account: the mass fractions and
the densities of raw materials, the residual carbon content
of the binder and the porosity of the continuous phase that
is reported in Table 1. The resulting volume fractions, em-
ployed for the geometry generation, are also reported in
Table 1.

Fig. 1: Scanning electron micrographs of the material structure of R20 samples: detail of approximately (a), (c) 1.9 mm × 1.2 mm and (b),
(d) 95 lm × 60 lm.

Table 1: Mass and volume fractions of reference refractory composition R20.

Raw material wn [wt%] q [g/(cm)3] qref [g/(cm)3] φn [%]

Coarse tabular Al2O3 38.9 3.95 – 4.1 4.0 25.0

Fused Al2O3 29.1 3.95 – 4.1 4.0 18.7

Fine tabular Al2O3 6.0 3.95 – 4.1 4.0 3.8

Coarse graphite 10.0 1.9 – 2.3 2.0 12.8

Fine graphite 10.0 1.9 – 2.3 2.0

Novolac liquid 2.0

Novolac powder

⎫
⎬

⎭
Glass-like C

4.0
1.8 – 2.1 1.8

39.7

⎫
⎪⎪⎬

⎪⎪⎭

Hexamethylenetetramine 0.6 thereof porosity p 23.0
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Considering the aforementioned parameters from the
previous investigation 8, it may be recognised that the
most prominent error in the determination of volume frac-
tions arises from the uncertainty in the density of graphite
and the residual carbon content. For a density of graphite
lower than the reference value, the volume fractions of
graphite could be 3.5 % higher and those of the other con-
stituents, particularly alumina, could be 1.7 % lower rel-
ative to the volume fractions shown in Table 1. In case
of a higher density of graphite, the volume fractions of
graphite could be 9 % lower and that of the other con-
stituents could be 4.5 % higher. In the latter situation,
the volume fraction of the unresolved fine-scaled material
would be 2.5 % lower relative to the value stated in Table 1.
Similarly, a higher residual carbon content of 60 % instead
of 45 % would increase the volume fraction of amorphous
carbon by at least 30 % and, consequently, that of the un-
resolved fine-scaled material would increase by 2.4 %.

It may be recognised that part of the porosity is formed
due to the thermal expansion mismatch between the
coarse/medium grains and the amorphous carbon lattice.
The thermal expansion of raw materials occurs to a much
greater extent during the coking process as compared to
thermal expansion of the binder. While cooling down,
however, raw grains shrink distinctly, but the carbon lat-
tice, resulting from pyrolysis of the binder materials, does
not shrink to that extent owing to the significantly lower
coefficient of thermal expansion of the glass-like carbon as
compared to graphite and alumina 17, as may be observed
from Table 2. Therefore, voids are generated adjacent to
the glass-like carbon lattice. This part of the overall poros-
ity is accommodated in the numerical model using the
temperature-dependent gap width, separating the con-
tinuous phase from the coarse and the medium grains.
Therefore, the contact between the grains of raw materials
and the carbon lattice increases due to thermal expansion
when the material is heated to higher temperatures.

The volumetric grain size distributions of fused alumina,
tabular alumina, coarse graphite and fine tabular alumina
were measured using the laser diffraction particle size anal-
ysis. The probability distributions, considered for the de-
scription of particle size distributions, are the lognormal
and the Rosin-Rammler-Sperling-Bennett (RRSB) distri-
bution 10 – 12, the latter also being known as the Weibull
distribution 30.

III. Numerical Methodology

(1) Geometry generation
Along with the volume fractions, determined according

to the calculation presented in the earlier study 8, the grain
sizedistributionsof therawmaterialsarerequiredtobeap-
proximated in order to realise a representative model of the
refractorymaterial.Forthispurpose, thegraindiametersdi
are expressed in terms of bi = ln(di/dref), where dref = 1 mm
is employed in the present investigation. The size range of
0.04 lm – 2 mm, covered during experiments, is divided in-

to 116 bins with Δb = 0.093. The volume fractions pi in the
ith bin are divided by the bin width according to 31 – 33

q3, i =
pi

Δbi
, (1)

where the subscript 3 indicates a volume distribution, to
obtain a histogram, compatible with the depiction of a the-
oretical particle size density distribution. The cumulative
grain size distribution function is known at the interval
bounds di = drefebi and is given by:

Q3, i = Q3

(
ebi
)

= FV

(
ebi
)

=
i∑

j=1

pj. (2)

The lognormal distribution is characterised by the cumu-
lative distribution function

Q3

(
eb
)

= FV

(
eb
)

= 1
r
√

2π

∫ b

-∞
exp

[

-
(b′ - l)2

2r 2

]

db′. (3)

The location parameter l (the logarithm of the median
grain diameter) and the scale parameter r (the standard de-
viation of the logarithmised grain diameter b) are deter-
mined according to the standard DIN 66144 as:

l = ln

(
d50

dref

)

, r = ln

(
d50

d16

)

or r = ln

(
d84

d50

)

. (4)

On the other hand, the cumulative distribution func-
tion of the two-parameter RRSB distribution is given
by: 10 – 12, 30

Q3

(
eb
)

= FV

(
eb
)

= 1 - exp

[

-
(

eb

k

)n ]

, n, k >0 (5)

with shape n and scale k as parameters, which are obtained
by employing the transformation 31, 33

ln(-ln(1 - FV(eb))) = nb - n lnk (6)

from the slope and the intercept of the resulting lin-
ear function, respectively, according to the standard
DIN 66145.

Considering the measured grain size distributions, it is
found that the grain size distributions of different alumi-
na grades can be approximated by the lognormal distri-
butions. On the other hand, the grain size distribution of
coarse graphite more closely resembles an RRSB proba-
bility density function. This may be observed from Fig. 2,
where the approximated probability density functions are
presented along with q3, i, according to Eq. (1), for tabular
alumina and coarse graphite. The determined probability
distribution parameters are provided in Table 3 for differ-
ent raw materials.

Random grain sizes, distributed according to a lognor-
mal law, are generated using the algorithm for normal de-
viates 34, 35 of logarithmised grain size and subsequent ex-
ponentiation 36. Furthermore, the fundamental transfor-
mation law of probabilities 35, 37 is employed in order to
generate random grain sizes obeying the RRSB distribu-
tion by the inverse of Eq. (5) given by 35

x = k[-ln(1-y)]1/n, y ∈ (0,1) (7)
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Table 2: Linear thermal expansion coefficients of constituents at different temperatures 48 – 51.

Temperature [°C] 20 100 200 300 400 500 600 700 800 900 1000

Constituents Linear thermal expansion coefficient a [10-6 1/K]

Tabular alumina 5.4 7.1 7.4 7.8 8.1 8.5 8.8 9.1 9.3 9.6 9.8

Fused alumina 7.6 7.8 8.0 8.2 8.4 8.6 8.9 9.1 9.3 9.5 9.7

Graphite (||) -1.25 -1.0 -0.65 -0.25 0.05 0.28 0.5 0.65 0.8 0.91 0.97

Graphite (⊥) 25.0 27.5 28.0 28.0 28.0 28.3 28.5 28.9 29.5 30.5 31.2

Graphite (av.) 7.5 8.5 8.9 9.2 9.4 9.6 9.8 10.1 10.4 10.8 11.0

Glass-like carbon 3.1 3.2 3.3 3.3 3.4 3.5 3.6 3.8 3.9 4.0 4.2

Table 3: Parameters of approximated grain size distribution functions for different raw materials.

Lognormal distr. param. Coarse
tab. Al2O3

Fused Al2O3 Fine tab. Al2O3
RRSB

distr. parameters Coarse graphite

Location l -0.684 -2.684 -2.996 Scale k 0.354

Scale r 0.335 0.72 0.50 Shape n 2.576

from random uniform deviates y in the unit interval. It
should also be noted here that the approximated grain size
distributions describe a volume instead of a count distri-
bution. For this reason, a reference volume is related to the
volume of a grain of each random diameter for the deter-
mination of number of grains of this particular size to be
inserted during the geometry generation.

b = ln (d/d ref )

Lognormal probability density function
Tabular alumina volume distribution

b =ln(d/d ref)

RRSB probability density function
Coarse graphite volume distribution

0

0. 2

0. 4

0. 6

0. 8

1

1. 2

1. 4

-2.5 -2 -1.5 -1 -0.5 0 0 .5
(a)

0

0. 2

0. 4

0. 6

0. 8

1

-3.5 -3 -2.5 -2 -1.5 -1 -0.5 0
(b)

Fig. 2: Measured grain size distributions of raw materials and
their approximations: (a) lognormal distribution for coarse tabu-
lar Al2O3 and (b) RRSB distribution for coarse graphite.

The polyhedral grain shapes, assumed according to the
SEM images, are truncated pentagonal prisms for different
alumina grades and hexagonal prisms for coarse graphite
platelets. In addition, since grain shapes are not rotational-
ly symmetric, random Euler angles are generated for each

grain and the grain is rotated according to the “x-y-z con-
vention” 38 before its placement into the generated geom-
etry.

The modified RSA algorithm, employed due to a high
overall volume fraction of the packing, has already been
presented earlier 7, 8. According to this algorithm, grains of
random size are added sequentially and randomly into the
computational domain 39, starting with the coarsest com-
ponent. Both position and angles of rotation of each grain
to be placed are randomly generated. The modification of
RSA algorithm consists in allowing grains of the same con-
stituent to overlap, whereas the grains corresponding to
different raw materials are not allowed to overlap. When-
ever the placement of a particular grain is rejected, it is reat-
tempted at a different random position retaining the angle
of rotation. Once the prescribed volume fraction of a com-
ponent is reached, the algorithm continues with the inser-
tion of the grains of the next component until the grains of
all components are placed.

The phase distribution of a generated geometry consist-
ing of 2003 voxels representing the (2 mm)3 sample of
the refractory material R20 with a resolution of 10 lm is
shown in Fig. 3. The thermal conductivities of the indi-
vidual phases are prescribed for solving the heat conduc-
tion problem. As observed in the previous study 8, the pre-
dicted keff is sensitive towards the equivalent thermal con-
ductivity krest of the unresolved material. However, it is
observed during the present investigation that the previ-
ously 7, 8 employed upper Hashin-Shtrikman 40 bound for
krest results in considerable overprediction of keff as com-
pared to the experimental data. Consequently, the effective
medium theory 41 (EMT) is adopted in order to estimate
krest.
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Fig. 3: Generated phase distribution representing cube of 2 mm side
of the modelled refractory material R20 employing 2003 voxels.

The effective thermal conductivity of the three compo-
nents, namely fine graphite denoted by the subscript 1,
amorphous carbon marked as phase 2 and porosity la-
belled as phase 3, present in the unresolved phase, is de-
termined according to EMT in a two-step procedure42.
First, the effective thermal conductivity keff, 12 of the two
components fine graphite and amorphous carbon is deter-
mined by

keff,12 =
1
4

{

f(k1,k2) +
√

f 2(k1,k2) + 8k1k2

}

,

f (k1,k2) =

(

3
φ1

1 - φ3
- 1

)

k1 +

(

3
φ2

1 - φ3
- 1

)

k2,
(8)

where the volume fractions φn of the three phases are con-
sidered relative to that of the unresolved material φrest as
part of the composition. In Eq. (8), the volume fractions
φ1, φ2 are related to their sum, which represents the com-
plement of the porosity (volume fraction φ3) in the unre-
solved material. In the second step, keff, 12 obtained from
Eq. (8) is employed in the analogous determination

krest =
1
4

{

f(keff,12,k3) +
√

f 2(keff,12,k3) + 8keff,12k3

}

,

f (keff,12,k3) = (3(φ1 + φ2) - 1)keff,12 + (3φ3 - 1)k3.

(9)

(2) Determination of keff

After generating the random geometry, keff of the mod-
elled material is obtained by applying the averaged Fouri-
er’s law

keff = L
Th - Tc

q̇′′
av = L

Th - Tc

∫

A q̇′′dA
∫

A dA
(10)

using the averaged steady-state heat flux q̇ ′′
av obtained

from a heat conduction problem, where a temperature
difference Th - Tc is applied across a length L between two
opposite faces of the computational domain and the re-
maining faces are considered to be adiabatic. In the present
article, the finite volume method (FVM) is employed in
order to solve the integral form of steady-state heat con-
duction equation without heat source in the composite
medium: ∫

V
∇ · (k∇T)dV = 0 (11)

where the thermal conductivity varies spatially, i.e.
k = k (x).

The computational domain is discretised using a finite
number of control volumes with their faces defined by
an equidistant Cartesian grid, where the nodes are lo-
cated at the centres of each control volume. In addition,
nodes are also arranged at the faces, edges and corners of
the computational domain for the easy implementation
of boundary conditions. The phase information, result-
ing from the geometry generation, is associated with each
control volume. The steady-state heat conduction equa-
tion (11) is rewritten in its discrete form employing a
second order accurate central differencing scheme for the
spatial derivatives.

In detail, the second order spatial derivatives in Eq. (11)
are computed as a difference quotient of the product of
thermal conductivity and first derivative using central dif-
ference approximation, i.e. both being evaluated at the cell
faces of the succeeding and preceding control volumes in
the respective coordinate direction. Without the loss of
generality, let i be the index of the current control volume
with respect to the coordinate direction x as well as i + 1
and i - 1 those of its successor and predecessor, respective-
ly. In the present case of an equidistant Cartesian grid, the
faces of cell i adjacent to its neighbours are situated exact-
ly halfway between the cell centres and hence may be de-
noted by i + 1/2 and i - 1/2. The cell face conductivities em-
ployed in the second derivative approximation are evalu-
ated by the harmonic mean

k⊥
i±1/2 =

(
1

2ki
+

1
2ki±1

)-1

(12)

corresponding to the series arrangement of the adjacent
control volumes’ phases. In particular, Eq. (12) results in
k⊥

i±1/2 = ki for ki = ki±1. It should be noted here that the
thermal conductivity, associated with the phase attributed
to an arbitrary control volume, only enters the computa-
tion on the right hand side of Eq. (12).

The resultant linear system of equations is solved implic-
itly using the method of conjugate gradients 43. From the
computed steady-state temperature distribution, the heat
fluxes required for the evaluation of keff in Eq. (10) are
obtained as a function of the temperature gradient at the
relevant boundaries. It should also be noted that the re-
ferred FVM is implemented in an in-house code which has
been suitably parallelised and thoroughly verified by solv-
ing several benchmark problems 7, 44.

In order to determine keff at different temperatures,
the thermal conductivities of different components, em-
ployed in the heat conduction solver, are specified as func-
tions of their temperature that mostly decrease with the
increase in temperature. The thermal conductivity data
of all constituents at different temperatures are provid-
ed in Table 4. Nevertheless, keff predicted in this manner
are found to notably overestimate the experimental data,
particularly at low and moderate temperatures, as shall
be presented later in this article. It appears obvious that
the lower experimental observations may be attributed
to the thermal expansion mismatch between the grains
of raw materials and the amorphous carbon lattice which
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produces thin intermediate air gaps after coking at high
temperature and subsequent cooling down to the room
temperature. The thickness of the air gap reduces with the
increase in temperature and vanishes as the temperature
of the medium is again raised to the original coking tem-
perature. Since the gap width is extremely small (in the
range from submicron to few microns) to be resolved by
the numerical grid, the reduced thermal contact between
either coarse or medium grains and the continuous phase
is accounted for in the FVM code by considering a modi-
fied series arrangement of the two adjacent phases with an
intermediate air layer of width lc as depicted in Fig. 4. In
this context, the subscript c indicates the reduced thermal
conductivity due to the air gap. The equivalent thermal
conductivity between two adjacent nodes for such a con-
figuration is given by

k⊥
c =

(
1 - l *

c

2kn
+

l *
c

kair
+

1 - l *
c

2krest

)-1

, (13)

where the subscript n denotes the phase of the coarse or
medium grain and the gap width l *

c is normalised in re-
spect of the grid spacing. The thermal conductivity for the
modified series arrangement in Eq. (13) is considered in
the respective coefficients in the FVM code wherever the
respective phases, i.e. the coarse or the medium grain and
the continuous phase, are in direct contact. Otherwise, the
conventional series arrangement of the two phases analo-
gous to Eq. (12), obtained with l *

c = 0 in Eq. (13), is em-
ployed.

IV. Results and Discussion
In the present investigation, keff of the considered re-

fractory material is determined numerically at tempera-
tures 20 °C, 100 °C, 200 °C up to 1000 °C at intervals
of 100 K. For this purpose, the thermal conductivities
and the coefficients of thermal expansion of the con-
stituents are required as functions of temperature. The
thermal conductivities at different temperatures ranging
from 20 °C to 1000 °C can be found in the literature for
alumina 45, graphite 46, amorphous carbon (glass-like car-
bon) 46 as well as for air 47 that is present in the pores
and the thin gap between the resolved grains and the
continuous phase. These values, adopted for individu-

al components at different temperatures, are provided in
Table 4. It should be noted that since graphite exhibits
an anisotropic behaviour for its thermal conductivity, the
geometric mean of the thermal conductivities in the direc-
tions parallel and perpendicular to the crystal structure,
i.e. k = (k‖k⊥)1/2 is employed for the numerical predic-
tions. The thermal conductivities of the constituents, ex-
cept glass-like carbon and air, significantly decrease with
the increase in temperature as may be observed from Ta-
ble 4, which also shows that the typical thermal conduc-
tivities at 1000 °C are approximately one third of those at
the room temperature.

Fig. 4: Modified series arrangement with air gap of width lc between
coarse or medium grain and continuous phase.

The experimental data for keff, however, do not exhibit
such a distinct decrease at higher temperatures, as may be
observed from Fig. 5. As a remedy, the thermal expansion
of the grains is taken into account in order to enable rea-
sonable numerical predictions at higher temperatures. The
linear thermal expansion coefficients in the considered
temperature range are available from the literature for alu-
mina 48, corundum (fused alumina) 49, graphite 50, 51 and
glass-like carbon 48, that are already presented in Table 2.
As expected, the graphite grains show strong anisotropy
with more pronounced variation of the thermal expansion
coefficient perpendicular to the crystal structure. There-
fore, the linear thermal expansion coefficient of graphite is
modelled as: α = 2α‖/3 + α⊥/3.

Table 4: Thermal conductivities of constituents at different temperatures 45 – 47.

Temperature [°C] 20 100 200 300 400 500 600 700 800 900 1000

Thermal conductivity k [W/(mK)]

Alumina 31.8 28.2 24.1 21.4 18.9 17.1 15.6 14.6 13.4 12.3 11.4

Graphite (||) 165 150 131 116 102 90.6 80.3 71.7 64.4 57.6 51.6

Graphite (⊥) 119 111 96.3 84.6 75.1 67.4 60.7 54.4 48.8 43.6 38.9

Graphite ((k‖k⊥)1/2) 140 129 112 99.1 87.5 78.1 69.8 62.5 56.1 50.1 44.8

Glass-like carbon 1.59 1.82 2.02 2.16 2.26 2.35 2.42 2.50 2.62 2.79 2.97

Air [mW/(mK)] 25.9 31.6 38.2 44.4 50.2 55.8 61.1 66.3 71.3 76.3 81.1
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It may be recognised from Table 2 that the linear ther-
mal expansion coefficients of alumina and graphite are of
the order of 10-5 1/K. For the numerical determination of
keff, however, the following simplifications are assumed.
The aforementioned order of magnitudes for a and a tem-
perature difference of approximately 1000 K result in the
corresponding thermal expansions of 5 lm and 1 lm for
coarse (≈ 0.5 mm) and medium (≈ 0.1 mm)-sized grains.
Consequently, the air gaps between either coarse or medi-
um grains and the continuous phase are assumed to be ei-
ther 1/2 or 1/10 of the presently used grid size of 10 lm, i.e.
l *

c = 1/2 or l *
c = 1/10, respectively, at room temperature. At

elevated temperatures, however, the thermal expansion of
the coarse- and medium-sized grains results in a decrease
in the associated normalised air gaps l *

c that are assumed to
vary linearly from their room temperature values to zero
at the coking temperature of 1000 °C.
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Fig. 5: Measured and predicted keff at different temperatures.

Employing the temperature-dependent thermal conduc-
tivities of the components, mentioned in Table 4, and krest
determined by EMT in Eqs. (8) and (9), keff of the mod-
elled carbon-bonded refractory composition is numerical-
ly predicted. The results, presented in Fig. 5, clearly show
that keff is significantly overestimated at room and mod-
erate temperatures as compared to the experimental data
obtained by the parallel hot-wire method, if the gap be-
tween the coarse/medium grains and the continuous phase
is not taken into account. The modelled krest as a func-
tion of temperature is also presented in Fig. 5 for the sake
of clarification. Therefore, the air gap between the coarse/
medium grains and the continuous phase, which decreases
with the increase in temperature, is considered according
to the aforementioned assumptions, which markedly im-
proves the predictions of keff in the considered tempera-
ture range, as may be observed from Fig. 5. It is evident that
although an overprediction of keff is obtained at the room
temperature, the numerical predictions closely follow the
experimental trend over the entire temperature range.

The predictions of keff are obtained by the in-house FVM
code, using its parallel processing features. The steady-
state heat conduction equation (11) is solved in its dimen-
sionless form, where the non-dimensional temperature is
defined as h = (T - Tc)/(Th - Tc). The iterative solution of
the resultant linear system of discretised equations is ac-
cepted once the change in the iterate satisfies the following
convergence criterion 44

√
∑

i,j,k

(
h new

i,j,k - h old
i,j,k

)2

ninjnk
< e = 10-12, (14)

where i, j, k denote the indices of the nodes in the x, y, z
directions and ni, nj, nk are the numbers of nodes in the re-
spective direction. Employing eight cores on an available
high performance compute cluster, convergence accord-
ing to Eq. (14) is achieved after approximately 2300 – 3600
iterations for the predictions of keff consuming about
800 s – 1200 s of computational time. The number of it-
erations as well as the required computational time are
observed to increase with the employed width of the air
gap.

In addition, the numerical predictions at higher temper-
atures may be augmented by the contribution of thermal
radiation to keff according to:

keff = kcond + krad (15)

with the radiative term resulting from the Rosseland ap-
proximation: 18

krad =
16n2rT 3

3bR
, (16)

where n is the refractive index, r = 5.67×10-8 W/(m2K4) is
the Stefan-Boltzmann constant and bR is the Rosseland-
mean extinction coefficient.

The extinction coefficient b may be estimated from the
transmittance s of a considered sample thickness l ac-
cording to b = -ln(s)/l employing the Beer-Lambert law 52.
Considering paths along each of the coordinate directions
in the generated geometry, a path consisting of only voxels
representing the unresolved fine-scaled material compris-
ing the porosity is hardly found. Consequently, the trans-
mittance is expected to be at most 1/40000 and hence the
extinction coefficient is bounded from below by the value
5000 1/m for a sample thickness of 2 mm. A similar lower
bound for b may be found from the volume scattering the-
ory for packed beds of opaque spheres 53 assuming spher-
ical coarse and medium grains of uniform size. Thermal
radiation is conceived as electromagnetic radiation in the
wavelength ranging from 100 nm to 100 lm 18. Concern-
ing the refractive index n of the refractory material, differ-
ent alumina and graphite grains are treated as opaque and
thermal radiation is supposed to propagate only through
the continuous phase. Consequently, a refractive index of
unity representing air in the pores is considered, despite
largely higher values of n for alumina and graphite in the
considered range of wavelengths 54.

Employing the aforementioned refractive index of unity
and an extinction coefficient of 5000 1/m, there is only
a minor enhancement of keff according to Eqs. (15) and
(16). The prediction is hardly distinguishable from the one
without the radiative contribution, as may be observed
from Fig. 5.

V. Conclusions
The present article deals with the numerical prediction

of keff of novel low-carbon refractory materials at high
temperatures. For this purpose, several aspects of the nu-
merical methodology, presented earlier 7, 8, are revisited.
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For the stochastic geometry generation, the grain size dis-
tributions are approximated using either the lognormal
or RRSB distribution. In addition, the equivalent ther-
mal conductivity of the unresolved material krest is esti-
mated from the effective medium theory. Employing the
temperature-dependent thermal conductivities of the con-
stituents, an overestimation of keff as compared to its ex-
perimental values, particularly at low to moderate tem-
peratures, is found. Consequently, the thermal expansion
of the coarse and the medium grains is considered and
modelled by introducing an air gap that decreases at high-
er temperatures between the grains and the continuous
phase. Accounting for this gap width as a function of tem-
perature in the FVM code that is employed for solving the
associated heat conduction problem, the numerical pre-
dictions are significantly improved and qualitatively rep-
resent the measured keff in the entire range from the room
to the coking temperature.

Prospective investigation may treat thermal expansion
using a more detailed model and examine its effect on the
numerical predictions. The employed equivalent thermal
conductivity krest of the unresolved constituents, which is
an extremely important parameter for the numerical mod-
el 8, could be determined from both fine-scale model with
a resolution of less than 10 lm and measurement of krest
for the separately produced fine-scaled material.
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